If F is a field which is not algebraic over a finite field and G is a polycyclic group, then all primitive ideals of the group ring F[G] are maximal if and only if G is nilpotent-by-finite.
We recall that a primitive ring is a ring with a faithful irreducible module. An ideal is primitive if the factor ring is a primitive ring.
If F is a field algebraic over a finite field and G a polycyclic group, then Roseblade has recently shown that every irreducible module for the group ring F[G] is finite dimensional [5] . This implies that the primitive factor rings are simple Artin. On the other hand, if F is any other field and G is not abelianby-finite, then Hall observed that F[G] has infinite dimensional irreducible modules [2] . If G is finitely generated nilpotent, Zalesskiï proved that the primitive factor rings are at least simple for any field F [6] . In this paper we offer a converse to Zalesskil's theorem by proving the Theorem. // F is a field which is not algebraic over a finite field and G is a polycyclic group, then all primitive ideals of the group ring F[G] are maximal if and only if G is nilpotent-by-finite.
We warn the prospective reader of ZalesskiTs paper [6] that the word "primitive" has been translated as prime throughout. Proof of Theorem. If G is nilpotent-by-finite, the result follows from Zalesskiï [6] and Lemma 1. Conversely suppose G is not nilpotent-by-finite. Pick a subgroup K maximal among the subgroups with N = ^JiGiK) of finite index and N/K not nilpotent-by-finite. Using Lemma 2, we may assume K is normal. Also since F[G/K] is a homomorphic image of F[G] we assume K = X. The finite conjugate subgroup of G is trivial. Otherwise G has a nontrivial normal subgroup H whose centralizer C has finite index. C/C n H a CH/H is nilpotent-by-finite by the maximality of tf. Also C H H is central in C and hence C and therefore G is nilpotent-by-finite, a contradiction. Let A he a maximal abelian normal subgroup. G contains a subgroup Gx of finite index such that A contains a normal subgroup B of Gx with the property that Gx and all of its subgroups of finite index act rationally irreducibly on B [5, Lemma 2] . By Lemma 2, we assume G = Gx. A is torsion free since G has trivial finite conjugate subgroup. The rank of B is at least two for the same reason. We may clearly replace B with QB n A. QA is a Q[G/A] module and QB is an irreducible submodule. We claim that QA is an essential extension of QB. Suppose to the contrary that Tis a non trivial (2[C/4] submodule with T n QB = 0. T n A is a nontrivial normal subgroup of G and CT/(T n A) is nilpotent-by-finite. This is impossible since G/T n /I contains an isomorphic copy of B and the rank of B is at least two. Again using Lemma 2, we may assume G/B is nilpotent. The proof can be simplified considerably if F is a large field. More specifically, if the transcendence degree F is larger than the rank of G, a License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use
